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SUMMARY

@ Anisotropic error estimates for mixed methods: review of
several arguments.

@ Degenerate elliptic problems.
@ Weighted Poincaré type inequalities.

@ Weighted error estimates for the Raviart-Thomas
interpolation.

@ Application to the Fractional Laplacian.
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RAVIART-THOMAS SPACES ON TRIANGLES

For k=0,1,2,---

RTk(T) = PE(T) & (%, y)Pu(T)

and its extension to tetrahedra (Nedelec),

RT((T) = PT) & (x,y,2)Pk(T)
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RAVIART-THOMAS INTERPOLATION

RTy : H'(T)" = RT(T)

Face (or edge if n = 2 ) degrees of freedom:

/Rde'nipdeZ/ o - nipxds Vpx € Pi(Fi)
Fi Fi

Internal degrees of freedom (for k > 1)

[ AT pi v = [ picsde b € PE(T)
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FUNDAMENTAL PROPERTY

/ div (o — RTko)q=0  Yq e Py(T)
:

i.e.,
div RTyo = Pidiv o

where
Py - L3(T) — Pk

is the L?-orthogonal projection.
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REGULARITY ASSUMPTION
Raviart-Thomas (1975), Nedelec (1980)
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REGULARITY ASSUMPTION

hr exterior diameter, p7 interior diameter

o

T

The constant in the error estimates depends on the regularity
parameter ~y
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CLASSIC ERROR ANALYSIS
STANDARD ARGUMENTS
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CLASSIC ERROR ANALYSIS

T reference element F: T — T  affine transformation

The Piola transform preserves the degrees of freedom!

1
o) = et DF(R)]

where x = F(X).

DF ()6 (X)
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ERROR ESTIMATES

Polynomial approximation + Piola transform =

lo — RTko |l 2(ry < C(v) hTIID"a | 127

1<m<k+1
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ESTIMATES UNDER WEAKER CONDITIONS

In the case of standard Lagrange interpolation it is known that
the regularity condition can be relaxed

Babuska-Aziz, Jamet, Krizek, Al Shenk, Dobrowolski, Apel,
Nicaise, Formaggia, Perotto, Acosta, Lombardi, D., etc..

Is it possible to relax the regularity condition for RT
interpolation?

YES!

We developed several arguments to obtain estimates in 2 and 3
dimensions.
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CASE k=0, n=2

We work in a family of reference elements and use the Piola
transform associated with

F:T—>T
F(x)=Mx+b
with
M|, |M7| < C
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CASE k=0, n=2

F
h, — >
h,
L\ D
h,
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CASE k=0, n=2

REMARK:

In this way we obtain from the reference family the family of all
elements with maximum angle « satisfying o« < ¢(C) <7

MAXIMUM ANGLE CONDITION
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CASE k=0, n=2

From the definition of RT, on the reference element

/ (0 —RToo) =0 Vi edgeof T
L

Then, if ¢; is the edge with normal e;,

[ (@~ ATo)e =0

44
and

| (o~ AT} =0

Lo
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CASE k=0, n=2

We use the Poincaré type inequality on
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CASE k=0, n=2

/v:0:>
¢

ov

ox

ov

+2@

L2(T)

LZ(?)}

||V||L2(7') < C {h1

R. G. Duran Métodos mixtos para problemas degenerados



CASE k=0, n=2

Taking

V = (0’ — RT()O'),'

we obtain

d(o — RTyo);
(e = RToo)ill 27y <C {h1 T e
d(o — RTyo);

h
+o dy

Lz(?)}
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CASE k=0, n=2

We have to eliminate the dependence on RTyo from the right

hand side
But,
8(RT00)1 o 8(RT00)2 . div RToo'
ox oy 2
and

3(RT00’)1 . a(RToa')g
ody  Ox

=0
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CASE k=0, n=2

but, from the commutative diagram property:

div RToo = Pydiv e

and therefore,

div RToor || 27y < 1AV || 27

Then,

llo — HTOUHL? =

< o{n3;

by + ho)|div el 7, |

L2( T) H 193% L2(T)
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CASE k=0, n=2

Therefore, using the Piola transform we obtain,

lo = RToo || 2(1y < c

< sna hr||Do || 21y

for a general triangle T with maximum angle «.
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HIGHER ORDER RT ELEMENTS

Applying similar arguments than for RTy, i. e.,
A generalized Poincaré inequality

For example, for k = 1

/vp1:0 Vo1 € P1(¢) /~v:0 =
¢ T

IVl o7y < CZ hihy

8x,8xj L2(T)
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HIGHER ORDER RT ELEMENTS

We obtain

lo — RTko||i2(ry < CHET D' (o0 — RTyo)l| 127y

under the MAXIMUM ANGLE CONDITION
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HIGHER ORDER RT ELEMENTS

We obtain

lo — RTko||i2(ry < CHET D' (o0 — RTyo)l| 127y

under the MAXIMUM ANGLE CONDITION

How do we bound ||[D**'RTyo (| 27y ?
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HIGHER ORDER RT ELEMENTS

We use
D*'RT,o = D*div RTyo
Buit,
div RTxo = Pidiv o
and then,

ID* RTkor || 27y < ClID¥Prdiv o 27y

R. G. Duran Métodos mixtos para problemas degenerados



HIGHER ORDER RT ELEMENTS

But, we can prove

ID* Pyt 2y < C(a) | DXl 27y

where « is the maximum angle of T
REMARK: An analogous estimate can be obtained by using

inverse inequalities, but in this way the constant would depend
on the minimum angle!
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HIGHER ORDER RT ELEMENTS

Summing up we obtain

lo — RTxo|| 27y < CHET DK ol 2y

under the MAXIMUM ANGLE CONDITION
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HIGHER ORDER RT ELEMENTS

Summing up we obtain

lo — RTko|| 12y < CHET D" || 127

under the MAXIMUM ANGLE CONDITION
This analysis is simple but has some important drawbacks!
It does not apply to obtain

||0' — RTkO'HLz(T) § Ch?—"HDmUHLz(T), 1 S m S k—|—1
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HIGHER ORDER RT ELEMENTS

In particular m = 1

o — RTxo |l 2ty < Chr||Do||2(my
= INF — SUP
IMPORTANT IN ERROR ANALYSIS!
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HIGHER ORDER RT ELEMENTS

In particular m = 1

o — RTxo |l 2ty < Chr||Do||2(my
= INF — SUP
IMPORTANT IN ERROR ANALYSIS!

Moreover,

The extension of the arguments to the 3d case does not give a
complete result: It only applies to a restricted class of elements
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THE 3D CASE

Two generalizations of the MAXIMUM ANGLE CONDITION:

@ REGULAR VERTEX PROPERTY
A family of tetrahedra satisfies the RVP if for some vertex,
the three edges containing that vertex remain “Uniformly
linearly independent”.

@ MAXIMUM ANGLE CONDITION
A family of tetrahedra satisfies the MAC if the angles
between edges and between faces remain uniformly
bounded away from .
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THE 3D CASE

In 2D RVP «+«— MAC

In 3D RVP — MAC

BUT NOT CONVERSELY!
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THE 3D CASE

Now we have to work with two families of reference elements
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THE 3D CASE

Using the Piola transform associated with

F:T—>T
F(x)=Mx+b
with
M| M~ <C

we obtain RVP from the left family and MAC from the union of

both families.

R. G. Duran Métodos mixtos para problemas degenerados



THE 3D CASE

Using the Piola transform associated with

F:T—>T
F(x)=Mx+b
with
M| M~ <C

we obtain RVP from the left family and MAC from the union of

both families.

A straightforward generalization of the argument given in 2D
proves the error estimate under the RVP property!
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THE 3D CASE

Using the Piola transform associated with

F:T—>T
F(x)=Mx+b
with
M| M~ <C

we obtain RVP from the left family and MAC from the union of

both families.

A straightforward generalization of the argument given in 2D
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QUESTIONS

@ ltis possible to obtain error estimates under MAC in 3D ?

@ ltis possible to obtain error estimates for less regular
functions?
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QUESTIONS

@ ltis possible to obtain error estimates under MAC in 3D ?

@ ltis possible to obtain error estimates for less regular
functions?

Yes!
But we need a different argument.

Idea: Reduction to a finite dimensional problem
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Case k =0in 3D

We use the face average interpolant

Nn:HY(T)® = Py(T)3

fre- -

® |[DNo|[2(ry) < ||Doll 2y

Properties of I:

@ |lo —No| 27y < Chr||Do|| 21y C independent of the

shape!

@R To oc=R To Mo
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Casen=3,k=0

I — RToTlli2(ry < Cih7l| DTl 2(ry V7 € Py(T)°
Then,

lo = RToa |2y < (C + Ci)hr||Dol|2(ry Vo € H'(T)®

with a constant C independent of T!
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Casen=3,k=0

Proof:

lo = RToo || 2(1y < lo — No|[2¢ry + [[Mo — RToMNo || 27

< Chr||Do |2ty + Cihr||DNo | 121y
< (C+ C1)hr||Doll iz

In this way we obtain

o — RToo || 2(1y < C(a) hr|| Dol 2Ty

where « is the maximum angle of T.
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ANOTHER ARGUMENT

Recall the original proof (Raviart-Thomas):

IRTko |l 27y < Clloll 7

Complete H'-norm appears on the right hand side.

= C=0C()

where + is the mesh regularity constant.
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ERROR ESTIMATES

Idea (in 2D for simplicity):

To obtain sharper estimates on T!
Consider the first components

o1 and RTx 10

Ideally, we would like

HRTKJUHB(?) < CHU1 ”H‘(?)'

R. G. Duran Métodos mixtos para problemas degenerados



ERROR ESTIMATES

But it is false:

For example, on the reference triangle:

1
o=(0,y2) = RTyo = 3 )
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ERROR ESTIMATES

Which are the essential degrees of freedom defining RTy 1o?

To answer this question one can try to “kill” degrees of freedom
by modifying o without changing R7x 1o
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ERROR ESTIMATES

Which are the essential degrees of freedom defining RTy 1o?

To answer this question one can try to “kill” degrees of freedom
by modifying o without changing R7x 1o

Key observation:

7=(0,9(x)) = RTx17=0
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ERROR ESTIMATES

Then,

T = (01(X,¥),02(Xy) — U2(x,0)) = RTx17 = Rl 10
But,
7-n=0 ontheedge /¢, containedin {y =0}
Then, the degrees of freedom defining RT, associated with that
edge vanish!
For k = 0 this gives

||RTk,1U||L2(’f) < C{HO’1 ||H1(/7\-) + ||d|VO'||L2(/7\.)}
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ERROR ESTIMATES

For kK > 0 we can “kill" internal degrees of freedom:

T = (0‘1(X,y),0‘2(X,y) —0'2(X,0) _qu—1(xvy))
with
Qk—1 € Pk—1
T7-n=0 on /o

RTkJT = RTkJO'

Qk—1 can be chosen such that internal degrees of freedom
corresponding to w, vanish!
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THE 3D CASE

We apply this argument to the two reference families (we omit
details which are rather technical!)
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THE 3D CASE

In this way we obtain the first reference family

Ooj
|RTierll iz <c{uauLz<T+2h gl

+hrlidiv ez }
12(7)

and analogous estimates under the regular vertex property.
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THE 3D CASE

In this way we obtain the first reference family

Ooj
|RTierll iz <c{uauLz<T+2h gl

+hrlidiv ez }
L2(T)
and analogous estimates under the regular vertex property.

Remark: These error estimates are of anisotropic type!
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THE 3D CASE

In this way we obtain the first reference family

oo; .
di +hTHd|VUHL2(T)}
L2(T)

|RTicr 2y < C{lorllizgry +Zh

and analogous estimates under the regular vertex property.

Remark: These error estimates are of anisotropic type!
For maximum angle condition we obtain

|RTkolliz(r) < C{llolliz(r + hrliDellzcry |
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DEGENERATE ELLIPTIC PROBLEMS

We consider problems of the form

—div(A(x)Vu)=g inQ
u=0 wonflp (1)
—AVu-n=f only

Aw(x)[€[2 < €7+ Ax)E < Aw(x)[€[2
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DEGENERATE ELLIPTIC PROBLEMS

We consider problems of the form

—div(A(x)Vu)=g inQ
u=0 onlp (1)
—AVu-n=f only

Aw(x)[€[2 < €7+ Ax)E < Aw(x)[€[2

where w is a non-negative function that can vanish or become
infinity in subsets of Q with vanishing n-dimensional measure.
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DEGENERATE ELLIPTIC PROBLEMS

We consider problems of the form

—div(A(x)Vu)=g inQ
u=0 onlp (1)
—AVu-n=f only

Aw(x)[€[2 < €7+ Ax)E < Aw(x)[€[2

where w is a non-negative function that can vanish or become
infinity in subsets of Q with vanishing n-dimensional measure.

Typical examples: Examples: w(x) = |x|* or w(x) = dist(x, )~
with ' C 09Q.

For simplicity we will consider
—div(wVu) =g
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WEIGHTED POINCARE INEQUALITIES

This kind of problems were first studied by Fabes, Kenig and
Serapioni (1982).

A fundamental tool in their analysis is the Poincaré inequality in
weighted norms, namely,

If = fallp ) < ClIVFlp(q)
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WEIGHTED POINCARE INEQUALITIES

This kind of problems were first studied by Fabes, Kenig and
Serapioni (1982).

A fundamental tool in their analysis is the Poincaré inequality in
weighted norms, namely,

If = fallp ) < ClIVFlp(q)

For our error analysis we need the stronger “Improved Poincaré
inequality”:

If = fallp ) < ClIAVH|p g

where d is the distance to the boundary.
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WEIGHTED POINCARE INEQUALITIES

FKS proved, for Q a cube,
If = fall g ) < CUQ)IVT

for two classes of weights w
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WEIGHTED POINCARE INEQUALITIES

FKS proved, for Q a cube,
If = fall g ) < CUQ)IVT

for two classes of weights w

OLL)EAp

R. G. Duran Métodos mixtos para problemas degenerados



WEIGHTED POINCARE INEQUALITIES

FKS proved, for Q a cube,
If = fall g ) < CUQ)IVT

for two classes of weights w

ewcA
e w=(JFA)'P"  (1<p<n)
where F : R” — R is a quasi-conformal mapping.
An interesting example that they give is w = |x|%, a > 0.

Actually they proved the result for n > 3 and p = 2, but
their argument can be extended straightforward.
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IDEA OF THE PROOF FOR w = JF'-P/"

Using a change of variables, Hélder and that f is
quasi-conformal:

P
¥

/ o(X)—CalPw(x) dx < CH(Q)P ( / |(saoF—1>(y)—cQ|P*dy>
F(Q)
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IDEA OF THE PROOF FOR w = JF'-P/"

Using a change of variables, Hélder and that f is
quasi-conformal:

P
o

/ o(X)—CalPw(x) dx < CH(Q)P ( / (o F)y) - ca |P*dy>
F(Q)

/ V(g0 F)(y)Pdy < C / Vp(x)/Pu(x) dx
F(Q) Q
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IDEA OF THE PROOF FOR w = JF'-P/"

Using a change of variables, Hélder and that f is
quasi-conformal:

P
o

/ o(X)—CalPw(x) dx < CH(Q)P ( / (o F)y) - ca |P*dy>
F(Q)

/ V(g0 F)(y)Pdy < C / Vp(x)/Pu(x) dx
F(Q) Q

and therefore, it is enough to prove
.

(/ (o F)(y) - cal” d}’> e (/ [V(po F_1)(Y)|p> p
F(@) F(@)

But this is the un-weighted Sobolev-Poincaré in F(Q) which is a
John domain.
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A REPRESENTATION FORMULA

Suppose that Q is star-shaped with respect to a ball.

Given a function f we denote with f an appropriate weighted
average.
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A REPRESENTATION FORMULA

Suppose that Q is star-shaped with respect to a ball.

Given a function f we denote with f an appropriate weighted
average.

fly)—f= —/QG(X,y)-Vf(x) adx
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A REPRESENTATION FORMULA

Suppose that Q is star-shaped with respect to a ball.

Given a function f we denote with f an appropriate weighted
average.

fly)—f= —/QG(X,y)-Vf(x) adx

G(X,}/)Z/o1 (X_y)@<y+X;y)C”
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POINCARE INEQUALITY

It is easy to see that

P
GO < =
and therefore,
Z V(X))
fly)—fl<C | ———L_dx
) -T<C | w5
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POINCARE INEQUALITY

It is easy to see that

D —
G| <
and therefore,
Z V(X))
fly)—fl<C | ———2—dx
) -fl<C | i

and the Poincaré inequality
If — falle) < ClIVFlleq)

follows easily.
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POINCARE INEQUALITY

It is easy to see that

P
GO < =
and therefore,
Z V(X))
fly)—fl<C | ———L_dx
) -T<C | w5

and the Poincaré inequality
If — falle) < ClIVFlleq)
follows easily.

The weighted case can be proved using results for fractional
integrals (this is what FKS did for A, weights).
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IMPROVED POINCARE INEQUALITY

But we can do better with a little more effort:
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IMPROVED POINCARE INEQUALITY

But we can do better with a little more effort:

Using the same representation formula we can prove the
Improved Poincaré inequality.

Moreover, the argument can be applied to the weighted case
for Muckenhoupt weights.
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IMPROVED POINCARE INEQUALITY

But we can do better with a little more effort:

Using the same representation formula we can prove the
Improved Poincaré inequality.

Moreover, the argument can be applied to the weighted case
for Muckenhoupt weights.

We have to use the well known estimate:

f(y)]
/|x—y|<e |X - y|n—1 Vs er(X)
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IMPROVED POINCARE INEQUALITY

Going back to

-1 [ VIO g

o |x —y|n1
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IMPROVED POINCARE INEQUALITY

Going back to
) -1% [ 0 o

o |x —y|n1

The key observation is that G(x, y) vanishes for |x — y| > cd(x)
(This argument was introduced in Drelichman-D.).
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IMPROVED POINCARE INEQUALITY

Going back to
) -1% [ 0 o

o |x —y|n1

The key observation is that G(x, y) vanishes for |x — y| > cd(x)
(This argument was introduced in Drelichman-D.).

-1 [ VI g,
x—yl<d(x) X = YI"

Then
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IMPROVED POINCARE INEQUALITY

We use duality,

[ -famar< [ [ ) gy v 1(x) o
Q Q Jix—y|<dx) 1X = Y|
< /Q d(x) Mg(x) [V ()] < gl 10V lliscay

and then
|f = falle@) < ClAVH o)
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GENERALIZATION TO JOHN DOMAINS

The representation formula can be generalized replacing
segments by appropriate curves.

John domains are those satisfying a “Twisted cone condition”.

For all y € Q there exists a rectifiable curve joining y with a
fixed xo € Q (we take it = 0 to simplify notation), given by a
parametrization ~(t, y) such that

1W0.y)=y . A(1y)=0
and there exist K, 6 > 0 such that

Yty <K , d(y(ty)) =dt
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GENERALIZATION TO JOHN DOMAINS

With similar arguments we obtain

f(y)—f:—/QG(x,y)~Vf(x) dx
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GENERALIZATION TO JOHN DOMAINS

With similar arguments we obtain
fy) — 7 = —/ G(x, y) - V(x) dx
Q

where now

G(x,y)z/o1 {ﬁ(t,y)+W}¢<W)ﬂ

which satisfies the same properties as in the case of
star-shaped domains.
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ESTIMATES IN FRACTIONAL SOBOLEV SPACES

In many applications it is useful to have estimates for less
regular functions.
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ESTIMATES IN FRACTIONAL SOBOLEV SPACES

In many applications it is useful to have estimates for less
regular functions.

We can generalize the argument to prove improved Poincaré
inequalities in fractional Sobolev spaces (Drelichman-D.):

If = fallp(e) < Cld*Dflp

where we are using the notation

SPHSFP _ 1) = FW)IP sy s
|d°D f]p_/Q =y d°(x)d*(y) dxdy
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ESTIMATES IN FRACTIONAL SOBOLEV SPACES

In many applications it is useful to have estimates for less
regular functions.

We can generalize the argument to prove improved Poincaré
inequalities in fractional Sobolev spaces (Drelichman-D.):

If = fallp(e) < Cld*Dflp

where we are using the notation

SPHSFP _ 1) = FW)IP sy s
|d°D f]p_/Q =y d°(x)d*(y) dxdy

How can we generalize the representation formula?
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ESTIMATES IN FRACTIONAL SOBOLEV SPACES

Idea: regularize f and take "part" of the derivatives to the
function used to average:

Define,

u(y,t) = (f*er)(y)

and
9(t) = u(r(t,y) +1z,1)
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ESTIMATES IN FRACTIONAL SOBOLEV SPACES

Idea: regularize f and take "part" of the derivatives to the
function used to average:

Define,
uy,t) = (fxo1)(y)
and
g(t) = u(r(t.y) + t2.1)
Then,
f(y) - (Fx)(2) = u(y,0)—u(z, 1) = g(0) — g(1) = / gt at

= - /1 Vu(y(t,y)+tz, t) - ((t,2) + 2) + u(~(t, y) + tz, t) ot
0
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ESTIMATES IN FRACTIONAL SOBOLEV SPACES

Multiplying by ¢(z) and integrating in z we have
() —c= | ()~ (F+ ) @)el2) 02
. / / "SUO(Ly) + t2.0) - (8 2) + 2)¢(2) dtdz
R" J0O

1
_ / / (1, y) + tz, t)p(2) dtalz
RN JO
=1+l

Let us bound for example / (/I can be handled analogously).
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ESTIMATES IN FRACTIONAL SOBOLEV SPACES

Changing variables ~(t, y) + tz = x and using

S )= ey )
and i oy

()= 22 (%)
we have

[ (DL ) e

with ¥(x, y, t) bounded
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ESTIMATES IN FRACTIONAL SOBOLEV SPACES

Changing variables ~(t, y) + tz = x and using

S )= ey )
and i oy

(#0500 = 577 5 ()
we have

= [ (S g b5 o) oo

with ¥(x, y, t) bounded

But, using that suppy C B(0,4/4), we can see that the
integration in f reduces to t > c|x — y/|.
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ESTIMATES IN FRACTIONAL SOBOLEV SPACES

Using that
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ESTIMATES IN FRACTIONAL SOBOLEV SPACES

Using that

[ e () aw=0

we can subtract f(x) to obtain,

,</ /1 / [f(w) — £(x)
™ Jrn Jepx—y| \Jix—w|<st/2 N1

o) o) o
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ESTIMATES IN FRACTIONAL SOBOLEV SPACES

Using that

[ e () aw=0

we can subtract f(x) to obtain,

,</ /1 / [f(w) — £(x)
™ Jrn Jepx—y| \Jix—w|<st/2 N1

But |[x — w| < d(x) and so,

o) o) o
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ESTIMATES IN FRACTIONAL SOBOLEV SPACES

/

S W)~ )1
R Je|x—y| JIx—w|<d(x) |w — x|p+s n+ t1-s

w(x_t W)' dwatd

1

_ |f(w) — f(x)P ’
g(X) o </|x—w<d(x) W dW>
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ESTIMATES IN FRACTIONAL SOBOLEV SPACES

L/ /‘ 1)~ 1001 YM(X_WMdMMi
R" Je|x—y| J|x—w|<d(x) |W x|p+s ”+F+ - t

|x— |ns

where

-~ fw) — F0P )P
g(X) o </|x—w<d(x) W dW>

Using this “representation formula” we can extend the
argument given above to the fractional case.
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MORE GENERAL WEIGHTS

The above arguments are based on continuity properties of the
Hardy-Littlewood maximal function.
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MORE GENERAL WEIGHTS

The above arguments are based on continuity properties of the
Hardy-Littlewood maximal function.

With different arguments we proved (Acosta-Cejas-D.):

If = fallp ) < ClIAVH| e (q)

for doubling weights w which satisfies the local Poincaré

If = Tallip @) = ClIVEl2(q)

for whitney type cubes.
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MORE GENERAL WEIGHTS

The above arguments are based on continuity properties of the
Hardy-Littlewood maximal function.

With different arguments we proved (Acosta-Cejas-D.):

If = fallp ) < ClIAVH| e (q)

for doubling weights w which satisfies the local Poincaré

If = Tallip @) = ClIVEl2(q)

for whitney type cubes.

In particular the improved Poincaré is valid for the weights
considered by FKS.
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MIXED METHODS FOR DEGENERATE PROBLEMS

—div(wVu)=g inQ
u=0 onTlp
—wVu-n=1f only
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MIXED METHODS FOR DEGENERATE PROBLEMS

—div(wVu)=g inQ
u=0 onTlp
—wVu-n=1f only

The mixed formulation is given by
c+wVu=0 1inQ
dve=g inQ
u=0 onlp
o-n=f only
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MIXED METHODS FOR DEGENERATE PROBLEMS

—div(wVu)=g inQ
u=0 onTlp
—wVu-n=1f only

The mixed formulation is given by

oc+wVu=0 1inQ
dve=g inQ
u=0 onlp
o-n=f only

Notation:
H(div,Q) = {r € L3(Q)" : divT € L3(Q)}
and,

Hr,(div,Q) = {T € H(div,Q): 7-n=0 on Iy}



MIXED FEM APPROXIMATION

Dividing by w the first equation we obtain the mixed weak
formulation:

Find o € H(div, Q) and u € L2(Q) such that
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MIXED FEM APPROXIMATION

Dividing by w the first equation we obtain the mixed weak
formulation:

Find o € H(div, Q) and u € L2(Q) such that

o-n=fonly
and
wlo-Tdx— [qudivrdx=0 V7 € Hr,(div,Q
Q Q N
Jqvdiveodx = [,gvdx VveL%Q)

Recall that the Dirichlet boundary condition is implicit in the
weak formulation (i. e., it is imposed in a natural way)
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THE FRACTIONAL LAPLACIAN

One of our motivations to analyze mixed approximations for
degenerate problems was the fractional laplacian.

(=A)Pv=f inQ
v=0 on 0Q
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THE FRACTIONAL LAPLACIAN

One of our motivations to analyze mixed approximations for
degenerate problems was the fractional laplacian.

(=A)Pv=f inQ
v=0 on 0Q

This is a non local problem.

Caffarelli and Silvestre have shown that this problem is
equivalent to a degenerate elliptic problem in n + 1 variables:
v(x) = u(x,0) where If u(x, y) is the solution of witha« =1 —2s

—limy,_,oy®uy, =f on I':=Q x {0}

div(y*Vu(x,y))=0 inD:=Qx(0,Y)
{ u=0 OD\T
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THE FRACTIONAL LAPLACIAN

In other words, the fractional laplacian is a Dirichlet to
Neumann map.
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THE FRACTIONAL LAPLACIAN

In other words, the fractional laplacian is a Dirichlet to
Neumann map.

Nochetto-Otarola-Salgado analyzed standard FEM
approximation for these problems.
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THE FRACTIONAL LAPLACIAN

In other words, the fractional laplacian is a Dirichlet to
Neumann map.

Nochetto-Otarola-Salgado analyzed standard FEM
approximation for these problems.

Acosta-Borthagaray analyzed numerical approximations of the
non-local problem.
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THE FRACTIONAL LAPLACIAN

In other words, the fractional laplacian is a Dirichlet to
Neumann map.

Nochetto-Otarola-Salgado analyzed standard FEM
approximation for these problems.
Acosta-Borthagaray analyzed numerical approximations of the

non-local problem.

Our motivation to use mixed methods is that the variable
o = y*Vu(x,y) seems to behave better than Vu.
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AN ELEMENTARY EXAMPLE

To illustrate the idea consider the trivial example

(y*u'(y)y =y V2 in (0,1)
—limy_o y*u'(y) =1
u(1)=0
a(y)=y*u'(y)
For example, taking a = 1/2, we can see that the expected
order for

1
/O(a on)2y > dy ~ / ) — Up(y))2y™ dy

is 3/4 the mixed method and 1/4 for the standard one.
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ERROR IN ¢

alpha=0.50
*  Mixed unif, order=0.75
ok *  Mixed grad, order=1.98
#  Direct unif, order=0.25
*  Direct grad, order=0.98
* * * * L
2k
*
* *
*
* * *okox * x4
*
-4 * * .
© x4
*
5 ok ok ox
n
s -}
i
_gl
*
*
_10} *
10 _—
*
*
* %
* %,
12 I I I I I I | I |
22 24 46 48 5 5.2 5.4 56 5.8 6

Number of elements
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ERROR IN u

alpha=0.50
3L *  Mixed method unif, order=0.99
#  Mixed method grad, order=0.98
* % Direct method unif, order=1.25
-ar * * . % Direct method grad, order=1.91
* * * *
* *
-5 * * * ok
*
* *
ko,
6l * 5
2 -t
e
e *
_gl . .
* *ox
ol * 4
* * x,
* * %
-101 o
* *
*ox
-1 *
* o
12 I I I I I I I I |
22 24 46 48 5 5.2 5.4 56 5.8 6

Number of elements
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A NEGATIVE «

alpha= - 0.1
4 .
*  Mixed method, order=1.04
—a2f * *  Direct method unif, order=0.78
* *  Direct method grad, order=0.97
-a4f *
* *
-4.6 *
‘ *
*

-a8f
g * %
=)
» -5 *
5

5.2}

o
M
541 .« *
o
56 +
* ¥
-5.81 *
~ I I I | I I I I |
42 4.4 46 4.8 5 52 5.4 56 58 6

Number of elements
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MIXED FEM APPROXIMATION

We will consider the approximation by the lowest order
Raviart-Thomas space in n-dimensions.
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MIXED FEM APPROXIMATION

We will consider the approximation by the lowest order
Raviart-Thomas space in n-dimensions.

For a rectangular element R the local space is

RTo(R) = {r € L3(R)" : 7(x) = (& + biXy, -~ ,an + bnxn)}
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MIXED FEM APPROXIMATION

We will consider the approximation by the lowest order
Raviart-Thomas space in n-dimensions.

For a rectangular element R the local space is
RTo(R) = {r € L3(R)" : 7(x) = (& + biXy, -~ ,an + bnxn)}
and for a simplex T,

RTo(T) = {T € L3(T)" : 7(x) = (a1 + bxy,- -, an + bxp)}
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MIXED FEM APPROXIMATION

We will consider the approximation by the lowest order
Raviart-Thomas space in n-dimensions.

For a rectangular element R the local space is
RTo(R) = {r € L3(R)" : 7(x) = (& + biXy, -~ ,an + bnxn)}
and for a simplex T,
RTo(T) = {r € L3(T)" : 7(x) = (a1 + bxy, -+, an+ bxn)}

Associated with a partition 7, of the domain Q we introduce the
global spaces

RTo(Th) = {7 € H(div,Q) : 7|g € RTo(R) VR € Tp}
and

Po(Tp) = {v e L3(Q) : v|g € Po(R) : VR € Tp}
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MIXED FEM APPROXIMATION

A fundamental tool for the error analysis is the well known
Raviart-Thomas operator defined by

/I‘Ihr-ndS:/T-ndS
F F

for all face F.
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MIXED FEM APPROXIMATION

A fundamental tool for the error analysis is the well known
Raviart-Thomas operator defined by

/I‘Ihr-ndS:/T-ndS
F F

for all face F.
My, satisfies

/ div(ec —Mpo)vdx =0 Vv € Po(Th)
Q
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MIXED FEM APPROXIMATION

Introducing the subspace
RTo.ry(Th) = RTo(Th) N Hryy(div, Q),

and the orthogonal projection onto piecewise constants Pr,,
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MIXED FEM APPROXIMATION

Introducing the subspace
RTo.ry(Th) = RTo(Th) N Hryy(div, Q),

and the orthogonal projection onto piecewise constants Pr,,
the mixed finite element approximation is given by
(ohs Un) € RTo(Th) % Po(Th) satistying

op-n=FPr,f on Ty

and

{ wi_1 op-TdX — fQ updivrdx =0 V7 € RTor,(7h)

Jovdivepdx = [ogvadx Vv e Py(Th)
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ERROR ESTIMATES

o — 0'h||Li—1(Q) <2|o— nhUHLiq(Q)
and

Ju= tnlliz ey < € {Ilu = Patilizey + o = Mholiz_ (g}

where Py, is the orthogonal L? projection onto Py(75).
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ERROR ESTIMATES

o — Uh“Liq(Q) <2|lo - nhUHLiq(Q)
and
lu = nlliz @) < € {llu=Prulliz oy + lo = Mol (o}
where Py, is the orthogonal L? projection onto Py(75).

The arguments are standard but we need the existence of
T € H' _,(Q) solution of

divr = (PhU — Uh)w
satisfying

Il (@) < Cl(Phu —Un)wlli2  (a)
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WHAT DO WE HAVE TO PROVE?

We need estimates for:

o o~ Mhollz
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WHAT DO WE HAVE TO PROVE?

We need estimates for:
o |lo— Mol

® |[u— Phulli2(q)
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WHAT DO WE HAVE TO PROVE?

We need estimates for:
o |lo— Mol
® |[u— Phulli2(q)

And we need a continuous right inverse of

div : Hy .+ — L2
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WHAT DO WE HAVE TO PROVE?

We need estimates for:
o |lo— Mol |
® |[u— Phulli2(q)

And we need a continuous right inverse of
gl 2
div : Ho,uﬂ — LS,

Moreover, we want anisotropic error estimates (for example for
the application to the fractional Laplacian).
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ANISOTROPIC WEIGHTED ESTIMATES

As we have seen, error estimates follows from Poincaré type
inequalities.
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ANISOTROPIC WEIGHTED ESTIMATES

As we have seen, error estimates follows from Poincaré type
inequalities.

What can be said in the anisotropic case?
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ANISOTROPIC WEIGHTED ESTIMATES

As we have seen, error estimates follows from Poincaré type
inequalities.

What can be said in the anisotropic case?

Strong A condition or A3:

i 2p (8 o) (o) <

where the sup is taken over all rectangles with sides parallel to
the coordinate axes.
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ANISOTROPIC WEIGHTED ESTIMATES

Consider an arbitrary rectangle

R =[ay,by] x --- x [an, bn] hi = b; — a;

di(x) := min{(b; — x;), (x; — &)}
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ANISOTROPIC WEIGHTED ESTIMATES

Consider an arbitrary rectangle

R =[ay,by] x --- x [an, bn] hi = b; — a;

di(x) := min{(b; — x;), (x; — &)}

It is known that the constant in the improved Poincaré inequality
for R blows up when the ratio between outer and inner diameter
goes to infinity.
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ANISOTROPIC WEIGHTED ESTIMATES

Consider an arbitrary rectangle

R =[ay,by] x --- x [an, bn] hi = b; — a;

di(x) := min{(b; — x;), (x; — &)}

It is known that the constant in the improved Poincaré inequality
for R blows up when the ratio between outer and inner diameter
goes to infinity.

However, we have the following anisotropic version if the weight
belongs to the smaller class A3.
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ANISOTROPIC WEIGHTED ESTIMATES

Forw € A3,

n

ov
Iv—vallz@ < Cod_ ||
i—1

Iaixi

L5(R)

R. G. Duran Métodos mixtos para problemas degenerados



ANISOTROPIC WEIGHTED ESTIMATES

Forw € A3,

8v
8x,

[V —Vallzm <
L2(R)

Indeed, it follows immediately from the improved Poincaré
inequality that, if Q is the unitary cube,

6v

V —V
Iv—vallz A5y

L5(Q)
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ANISOTROPIC WEIGHTED ESTIMATES

Forw € A3,

8v

[V —Vallzm < 8x,

L5(R)

Indeed, it follows immediately from the improved Poincaré
inequality that, if Q is the unitary cube,

6v

V —V
Iv—vallz A5y

L5(Q)

Then, the above anisotropic version for R follows by standard
arguments making the change of variables x; = h;%X; and using
that, for O(X) = w(x), w € A3 = © € A3.

R. G. Duran Métodos mixtos para problemas degenerados



GENERALIZED WEIGHTED POINCARE
INEQUALITIES

For w € A3 and F the face contained in x; = a; we have

n

+
L2(R) =2

ov

ov
v~ vellz ) < C {H(m - x) o

djaixi

LE(R)}
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GENERALIZED WEIGHTED POINCARE
INEQUALITIES

For w € A3 and F the face contained in x; = a; we have

ov ov
V-V, < C, by — x a;
| Flli2 () {H 1 1)8x LZ(R) 2 iox; LE,(FI)}
Proof:
By a simple integration by parts we have
ov
vdS = / vax + — — by)— dx
Al A Vo

R. G. Duran Métodos mixtos para problemas degenerados



GENERALIZED WEIGHTED POINCARE
INEQUALITIES

Then,

1 ov
V_VF_V_VR_|F?]/R(X1_b1)8x1dX

and therefore,
1 1/2
ax — /wdx)
|A| ( R

but, multiplying and dividing by w'/2 and using the Schwarz

inequality we obtain
1/2
</ w! dX>
Lz(R) \VR

/R(b1 — Xy)
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ov
IV=velliz my < IV—Valle g+ /R (br—xy) | Y

ov

8x1

ov

8X1

ax < H(b1 —X1)




GENERALIZED WEIGHTED POINCARE
INEQUALITIES

then,

ov
(b —X1)a

1/2
v~ velle ) < IV — Vel ey + Lol

LE(R)
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GENERALIZED WEIGHTED POINCARE
INEQUALITIES

then,

1/2 v

_ <llv-yv by — x

I =vellem < IV = vallem + lelag || (B =050
and therefore

Vv, < Gy q||(br — x %

” F”Lz(R) {H ! 1)8)(1 LE,(R) =2 Ian LEJ(R)}
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ERROR ESTIMATES FOR RT INTERPOLATION

Since o — o, has vanishing mean value on the face defined
by Xx; = a; we obtain the following error estimate for the
Raviart-Thomas interpolation of lowest order:
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ERROR ESTIMATES FOR RT INTERPOLATION

Since o — o, has vanishing mean value on the face defined
by Xx; = a; we obtain the following error estimate for the
Raviart-Thomas interpolation of lowest order:

Forwe Ajand 1 <j<n,

80’1

loj = Mhojlliz(m

L5(A)
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ANISOTROPIC ELEMENTS

Question: which w are in A3?
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ANISOTROPIC ELEMENTS

Question: which w are in A3?

w € A3 iff w belongs to A, of one variable for each variable
uniformly in the other variables (Kurtz).
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ANISOTROPIC ELEMENTS

Question: which w are in A3?

w € A3 iff w belongs to A, of one variable for each variable
uniformly in the other variables (Kurtz).

Observe that this is the case for the weight y*, -1 < a < 1
appearing in the fractional laplacian.
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ANISOTROPIC ELEMENTS

Question: which w are in A3?

w € A3 iff w belongs to A, of one variable for each variable
uniformly in the other variables (Kurtz).

Observe that this is the case for the weight y*, -1 < a < 1
appearing in the fractional laplacian.

Or more generally,

with
wi(Xi) € A2(R)
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RIGHT INVERSE OF THE DIVERGENCE

To finish the error analysis we need also to show the existence
of a solution of
dvr=v
satisfying
[Tl @) < ClIVIie @
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RIGHT INVERSE OF THE DIVERGENCE

To finish the error analysis we need also to show the existence
of a solution of

dvr=v
satisfying
[Tl @) < ClIVIie @

But, the same representation formula given above define the
Bogovski solution:

7(x) = /Q G(x, y)v(y) dy
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RIGHT INVERSE OF THE DIVERGENCE

To finish the error analysis we need also to show the existence
of a solution of
dvr=v
satisfying
[Tl @) < ClIVIie @
But, the same representation formula given above define the
Bogovski solution:

7(x) = /Q G(x, y)v(y) dy

The estimate for ||7| 4 ) can be proved using the continuity of
Calderon-Zygmund integral operators in weighted norms for A
weights.
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ERROR ESTIMATES

In conclusion we obtain the forllowing error estimates for the
RTy approximation of

—div(wVu)=g inQ
u=0 onlp
—wVu-n=f only

o =l (@ < C. I

ReT, i=1

8x, (A

or

lo =onlfe @)= Co th

ReTh i=1

ax, NG
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FRACTIONAL LAPLACIAN

For this case we can prove that, if Q is convex, for

Iv/:1a , N,
0opi1 O00pi1 00 12
oy T oxp Toxg - V"
while, fori=1,--- ., n
80',‘ 2
ay S Lyfa+ﬁ
for5>1—a.

Therefore, we can obtain optimal order convergence using a
graded mesh.
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FRACTIONAL LAPLACIAN

We use
/’DO”2y_a+ﬁ <C

forg >1—a.

For the elements in the first band R = Ry x [0, y1] we use
o — ”h"”fi,am) < h$5/|oa|2y_a+a

2
and we choose hy = hz-7.
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FRACTIONAL LAPLACIAN

For the rest of the elements R = Ry x [y;, yj+1] we choose
Yier =Y+ hy}

o= Mhorl% < o1 =32 [ 1Dy oy
y—a

< HPy? /|Do-| y~dy < hz/]Da|2y°‘+2”dy

We have to choose v = /2. But we need also v < 1.
Then, we have to take
e <y <
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FRACTIONAL LAPLACIAN

For the rest of the elements R = Ry x [y;, yj+1] we choose
Yier =Y+ hy}

o= Mhorl% < o1 =32 [ 1Dy oy
y—a

< HPy? /|Do-| y~dy < hz/]Da|2y°‘+2”dy

We have to choose v = /2. But we need also v < 1.
Then, we have to take
e <y <

Remark: h ~ 1/N where N is the number of nodes in the y
direction, i.e., the error estimate is optimal with respect to the
number of nodes.
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END

MUCHAS GRACIAS !
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